In a typical experiment in magnonics, thin films are magnetized in-plane and spin waves only carry angular momentum along their spatial propagation direction. Motivated by the experiments of Bozhko et al. [arXiv:1904.12610], we show theoretically that for obliquely magnetized thin films, exchange-dipolar spin waves are accompanied by a transverse spin-current. We propose an experiment to electrically detect this transverse spin-current with Pt strips on top of a YIG film, by comparing the induced spin-current for spin waves with opposite momenta. We predict the relative difference to be of the order 10 −4 , for magnetic fields tilted at least 30 • out of plane. This transverse spin-current is the result of the long range dipole-dipole interaction and the inversion symmetry breaking of the interface.
In a typical experiment in magnonics, thin films are magnetized in-plane and spin waves only carry angular momentum along their spatial propagation direction. Motivated by the experiments of Bozhko et al. [arXiv:1904.12610 ], we show theoretically that for obliquely magnetized thin films, exchange-dipolar spin waves are accompanied by a transverse spin-current. We propose an experiment to electrically detect this transverse spin-current with Pt strips on top of a YIG film, by comparing the induced spin-current for spin waves with opposite momenta. We predict the relative difference to be of the order 10 −4 , for magnetic fields tilted at least 30 • out of plane. This transverse spin-current is the result of the long range dipole-dipole interaction and the inversion symmetry breaking of the interface.
Introduction. Magnons, or spin waves, are able to transport angular momentum over long distances along their propagation direction [1, 2] . This has opened the way to novel signal processing devices which could replace conventional electronic devices [3] [4] [5] . In recent years, multiple applications have been explored, such as wave-based computing [6, 7] , three-terminal transistors [8] , logic gates [9, 10] and novel non-linear effects [11, 12] .
The manipulation of spin waves is still an ongoing area of research and a full toolbox for controlling spin waves is yet to be developed [13] . In this work we consider a new approach to control the spin current in a magnetized thin film: by tilting the magnetic field out of plane. This breaks the inversion symmetry and allows a spin current to flow transverse to the propagation direction of the spin waves, transporting angular momentum along the film normal.
This mechanism for generating a transverse spincurrent was first proposed by Bozhko et al. [14] , who used a micromagnetic approach to calculate the exchange spin-current in a thin film of Y 3 Fe 2 (FeO 4 ) 3 (YIG), without considering spin absorption at the boundaries. They argued that this spin current is non-zero if the magnetic field is tilted out of plane. However, this transverse spincurrent can only be detected with an attached spin sink, such as a heavy metal strip. The interaction with the spin sink influences the physics of the problem significantly. Moreover, only the transfer of angular momentum by the exchange interaction was considered. The dipole-dipole interaction is also capable of transporting angular momentum and therefore needs to be taken into account for a complete description of this system.
In this work we propose an experiment where the transverse spin-current in an obliquely magnetized thin film is detected electrically. We consider, within linear spinwave theory, a thin ferromagnetic film with two leads attached, which pick up the transverse spin-current induced by left-and right-moving spin waves via the inverse spin-Hall effect (ISHE) [15] . A transverse spin-current would transport more angular momentum into the right spin sink than into the left spin sink, or vice versa. This is equivalent to the experimentally harder to realize system with leads attached to the top and bottom. We propose to compare the spin current picked up by the left and right lead, in order to exclude any usual spin pumping effects, which are also present for an in-plane magnetic field [16] . In order to further understand the origin of the transverse spin-current we show in the supplemental material [17] with a magnetostatic calculation, that the symmetry breaking at the interface is carried by the dipole-dipole interaction.
Method. The setup we consider is a thin film of ferromagnetic YIG, where coherent spin-waves are excited using a coplanar waveguide [18] , as depicted in Fig. 1 . The wavevector (k) of the excited magnons is controlled by the grating of the antenna and the frequency (ω) of the excited magnons by the frequency of the driving field. To the right and left of this antenna are two platinum (Pt) leads, which function as spin sinks via the inverse spin-Hall effect and pick up the transverse spin-current induced by the spin waves with opposite momenta.
The spin dynamics are governed by the semi-classical LandauLifshitzGilbert (LLG) equation:
where we describe YIG as a Heisenberg ferromagnet with effective spin S, on a cubic lattice. Including both the exchange and dipole-dipole interactions our effective Hamil-
The setup considered, with a coplanar waveguide in the middle, exciting spin waves in two opposite directions in a thin ferromagnetic film with thickness d. Two heavy-metal leads pick up the spin current induced by these left-and rightmoving spin waves. The magnetic field is tilted out of plane at an angle φH with the plane and the magnetization has angle φM with the plane.
tonian [19] is
where the sums are over the lattice sites
We only consider nearest neighbour exchange interactions, so J ij = J for nearest neighbours and 0 otherwise. Here µ = 2µ B is the magnetic moment of the spins, with µ B = e /(2m e c) the Bohr magneton.
To the top of the thin film we attach a spin sink to detect the spin waves, which introduces an interfacial Gilbert damping α L i , which is only non-zero for sites at the top interface of the ferromagnet [16] . The total Gilbert damping is then α i = α B + α L i , where α B is the bulk Gilbert damping. Furthermore, h i (t) is the circularly polarized driving field, which we take to be uniform throughout the film. Within linear spin-wave theory, the LLG has been shown to be fully equivalent to the nonequilibrium Greens function formalism [20] .
We consider a thin film, infinitely long in the y, z directions and with a thickness d = N a in the x direction, where a is the lattice constant and N is the number of layers. The magnetic field is tilted at an angle φ H with respect to the film, as shown in Fig. 1 . The magnetization is tilted by an angle φ M , as determined by minimizing the energy given by Eq. (2) for a classical, uniform spin configuration:
where M s = µS/a 3 is the saturation magnetization and H e = |H e |.
We have two reference frames, one aligned with the thin film as described above and one where the z axis is aligned with the magnetization M . We work in the reference frame of the lattice and rotate the spin operators, such that
is a rotation around the y-axis by angle φ M andS i are the rotated spin operators, with theS z i component pointing along the magnetization M .
We linearize in the deviations from the ground state,
and assume translational invariance in the yz-plane. The equation of motion for b i becomes in frequency space:
where k = (k y , k z ) and we have introduced the driving field
where h k (ω) =h x + ih y is the Fourier transform of the rotated driving field. Furthermore, the magnon state vector is
and the inverse Green's function is
where we have introduced σ 3 = diag (1, ..., 1, −1, ..., −1), α = diag (α 1 , ..., α N , α 1 , ..., α N ) and
which is the Hamiltonian matrix within linear spin-wave theory, with the amplitude factors
The dispersion is obtained by diagonalizing the inverse Green's function (4) in the absence of damping and spin pumping. The full expressions for the amplitude factors A k , B k and the dispersions for different tilting angles of the magnetic field are given in the supplemental material [17] . From the equation of motion, Eq. (4), the total spincurrent injected into the lead is obtained from the continuity equation for the spin:
The explicit form of the terms is given in the supplemental material [17] . From the explicit form we can see that angular momentum is provided by the driving field (I h i ) and dissipates to the lattice and the lead via the Gilbert damping (I α i ). There are two ways angular momentum can be transferred through the film. Firstly, there is the exchange spin-current (I ex i→j ), which is driven by the exchange interaction between adjacent sites.
The dipole-dipole interaction also transports angular momentum (I dip−dip i→j ), but because the dipole-dipole interaction is non-local, angular momentum is transferred from and to all other sites. It is therefore not appropriate to refer to the angular momentum transferred by the dipole-dipole interaction as a current. Also note that the transport of angular momentum by the dipole-dipole interaction is mediated by the lattice, which means that a non-zero dipole-dipole contribution is accompanied by a transfer of angular momentum from and to the lattice.
The measurable quantity is the angular momentum absorbed by the spin sink in the attached lead, which is proportional to the voltage generated by the ISHE, and is given by
We are interested in the relative difference between the spin currents induced by the left-and right-moving spin waves in order to show a transverse spin-current, which we define as
In the next section we consider this quantity in detail.
Results. The parameters used throughout this work are summarized in Table. I. In Fig. 2 we show the difference between the spin current induced by left-and right-moving spin waves for different tilting angles of the magnetic field. For a magnetic field either completely in-or out of plane there is no difference between the left and right lead (not shown). As we tilt the magnetic field out of plane a small difference becomes visible, which peaks at ∆ = 1.25 × 10 −4 for φ H = 60 • and 2.5 < k < 12.5 µm −1 . As the tilting angle is further increased the distribution of ∆ shifts slightly, with the most notable change the movement of the maximum, which moves towards smaller wavevectors. We found that the relative difference ∆ increases linearly with the bulk Gilbert damping constant. In order to measure this effect it might therefore be beneficial to use a YIG thin film with impurities, to increase the damping.
Numerically, we found that the transverse spin-current persists even when the exchange coupling is artificially turned off, which indicates that only the dipole-dipole interaction is responsible for this effect. In the supplemental material [17] we show a full magnetostatic derivation of the eigenmodes for an obliquely magnetized thin film with only dipole-dipole interactions. Even though the energies are inversion-symmetric, we find that the eigenmodes explicitly depend on
which introduces an asymmetry between left-and rightmoving spin waves if the magnetic field is tilted out of plane. A complete description of this problem also requires the inclusion of the exchange coupling, as was done in our numerical calculations. However, ignoring the exchange coupling allows us to demonstrate that the origin of the asymmetry between left-and right-moving spin waves lies in the the long range dipole-dipole interaction carrying the inversion symmetry breaking of the interface.
Bozhko et al. [14] suggested a partial-wave picture to explain the transverse spin-current. They reason that the profile along the film normal is made up by two partial waves, which have opposite momenta ±k x and equal frequency ω if the film is magnetized in-plane, thus cancelling any transfer of angular momentum or energy. As the magnetic field is tilted out of plane the two partial waves would, in this picture, no longer have opposite momenta, but still have the same frequencies. This would then allow for angular momentum transfer, but not energy transfer. With the magnetostatic calculation we are able to show that this picture is incomplete: the amplitudes of the two partial waves are asymmetric, not their momenta. This therefore allows both energy and angular momentum transfer, which we have confirmed numerically by evaluating ∂ t E .
We found numerically that the region in k-space where the relative difference ∆ is significant has a lower bound related to the thickness of the thin film. Decreasing the thickness shifts the distribution as seen in Fig. 2 towards larger wavevectors. This can be traced to the fact that the long-wavelength magnetostatic magnon modes are standing waves [17] , with wavevectors ±k x , where k x is proportional to k z . The standing waves need to have a wavevector big enough to fit at least one wavelength into the system, thus requiring that k z k L , where k L = 2π/d. The reason for this coupling of the in-plane and out of plane directions is the long-range nature of the dipole-dipole interaction, ensuring that within our system the divergence of the magnetic field is zero, i.e., ∇ · B = 0.
Excitation of magnons is only possible for values of ω determined by the spin-wave dispersion, with a minimum given by the lowest mode. We therefore show in Fig. 3 for fixed k = 7.5 µm −1 the evolution of the relative spincurrent difference ∆ as the magnetic field is tilted out of plane, with a driving at frequency ω corresponding to the lowest mode in the spin-wave dispersion. Also shown is the frequency of the lowest mode as a function of magnetic field tilt angle. It is clear that up to some critical value of the magnetic field angle ∆ increases linearly, after which it falls off rapidly. It is also clear that the lowest mode is capable of transferring angular momentum along the film normal. This is contrary to the statements made by Bozhko et al. [14] , who predicted that the lowest mode, which has an uniform profile, would not induce a transverse spin-current. This is most likely due to the fact that in their work only the exchange current is considered, whereas we have taken all current contributions into account. Another possible explanation is their expansion in eigenfunctions of the second-order exchange operator, which might have failed to properly take the dipole-dipole interaction into account.
The different contributions to the transverse spincurrent, as defined in Eq. (9), are shown in Fig. 4 for left-and right-moving spin waves. We have set the bulk and interface damping to zero in order to clearly show the exchange, dipole-dipole and driving contributions to the spin current. Firstly, we can see that there is a spin current, even in the case of no spin absorption at the boundary, which agrees with the results by Bozhko et al. [14] . All spin current contributions are zero in the case of an in-plane magnetic field (not shown), if no spin sinks are attached. We can see that all contributions switch sign between left-and right-moving spin waves, as would be expected from symmetry. From this figure it is clear that the exchange spin-current is not the only way the system transfers angular momentum. In fact, the contributions from the dipole-dipole interaction are larger than those of the exchange current. This shows that it is necessary to consider not only the exchange spin-current, but also to include the transport of angular momentum by the dipole-dipole interaction in order to gain a full understanding of the transverse spin-current. Also note that since the dipole-dipole contribution is non-zero there is a finite torque on the system, which could be measured in a cantilever experiment [25] . Conclusion and Discussion. In this work we have shown, using microscopic linear spin-wave theory, that there is a transverse spin-current in obliquely magnetized thin films. This current can be measured using an antenna-detector setup, where the spin current induced by the left-and right-moving spin waves will be different, proving the existence of a transverse spin-current. This effect can be used as a way to manipulate the spin current flowing along the film normal, for example by controlling the magnetic field angle. We have also demonstrated that this spin current is the result of the dipole-dipole interactions in the film, which carry the inversion breaking at the interface. We have not considered explicitly the interactions of the spin waves with the lattice. The dipole-dipole interactions are mediated by the lattice and thus excite phonons, which can also transport angular momentum [26] [27] [28] . A more complete description of the system should therefore include these phonon-magnon interactions, but this is beyond the scope of this article.
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Supplemental Material: Electrical detection of unconventional transverse spin currents in obliquely magnetized thin films:
MAGNETOSTATIC CALCULCATIONS
Our goal is to derive the eigenfunctions for the thin film geometry as depicted in Fig. 1 in the main text. We know from the numerics that the dipole-dipole interaction alone is sufficient to give a transverse spin-current, so we ignore the exchange interaction in this derivation. This considerably simplifies the work needed and allows us to find a completely analytical expression for the eigenfunctions.
We start from the Landau-Lifshitz-Gilbert equation (LLG)
where r = (y, z). The classical ground state iŝ
with the angle φ M is determined by Eq. (3) in the main text. We write the solution to the LLG as fluctuations on this ground state with
whereâ,b are orthogonal unit vectors chosen such that byâ ×b =n. The effective magnetic field is given by
where H D is the dipolar field with a static component H 
We only consider the situation where k y = 0, so k = kẑ. Outside the film the dynamics of the dipolar field are governed by
which has solutions
The boundary conditions for χ at the top and bottom of the thin film are
and the bulk equation of motion for χ is
For the magnon field we have the bulk equation of motion
This gives the solution
where
(S12)
For brevity we define
From the bulk equation of motion the solution for the potential is
From the boundary conditions in Eq. (S8) we then have the matrix equation
The solutions for the potential are then
which gives for the magnon field
Because F ± (k, ω) depends linearly on k z sin (2φ M ), the eigenfunctions for magnons travelling in ±k z directions differ whenever sin (2φ M ) = 0. This behaviour is in agreement with our numerics, which show that the difference between the transverse spin-current induced by left-and right-moving spin waves vanishes if the magnetization is either completely in-or out of plane. Ultimately the source of the linear term is therefore the boundary conditions in Eq. (S8). Because the dipole-dipole interaction is a long-range interaction the boundary conditions interact with all the spin-waves in the thin film, carrying the inversion breaking at the interface. This thus allows a transverse spin current to flow. 
DISPERSION
We diagonalize the Hamiltonian in Eq. (8) in the main text, in the absence of damping and spin pumping, from which we obtain the spin-wave energies [29] . The spin-wave spectra are shown in Fig. S1 for multiple tilt angles of the magnetic field, for spin waves propagating parallel to the in-plane projection of the magnetic field, along the k z direction. The parameters used for these spectra are summarized in Table. I in the main text. We show the regime of wavevectors where both dipole-dipole interactions and the exchange interaction are of roughly equal magnitude. The exchange interaction dominates for large wavevectors and gives a quadratic wavevector dependence, curving the bands upwards. For small wavevector the dipole-dipole interaction is the dominant term in the Hamiltonian, which suppresses the quadratic behavior. Comparing these dispersion with both the numerical and experimental results [14] the general shape of the dispersions matches well, and the same shift down in energy is observed as the magnetic field is tilted.
COMPLETE AMPLITUDE FACTORS
The amplitude factors in Eq. (8) in the main text are
where J k (x ij ) = J [δ ij (6 − δ j1 − δ jN − 2 cos(k y a) − 2 cos(k z a)) − δ ij+1 − δ ij−1 ]
and r ij = (y ij , z ij ).
The dipole-dipole interaction is written as a tensor
For small wavevectors the sums in Eq. (S25) are slowly converging, so we use the Ewald summation method as outlined by Kreisel et al. [23] . With this method the sums are split in two parts: one sum over real space and a one sum over reciprocal space. These sums are much faster to converge. We first write the sums as a derivative of
such that we have
Note the symmetries D yy k = D zz k (k y → k z , k z → k y ) and D xz k = D xy k (k y → k z , k z → k y ), so we need not derive the full form of all dipolar sums. Then, after applying the Ewald summation, we have D xx k (x ij ) = πµ 2 a 2 g 8 √ ε
3 √ π e −p 2 −q 2 − |k + g|f (p, q) − 4µ 2 3 ε 5 π r |r ij | 2 − 3x 2 ij cos (k y y ij ) cos (k z z ij ) ϕ 3/2 (|r ij | 2 ε),
√ π e −p 2 −q 2 − (k y + g y ) 2 |k + g| f (p, q) − 4µ 2 3 ε 5 π r |r ij | 2 − 3y 2 ij cos (k y y ij ) cos (k z z ij ) ϕ 3/2 (|r ij | 2 ε),
D xy k (x ij ) = i πµ 2 a 2 sig(x ij ) g (k y + g y )f (p, q) + i 4ε 5/2 µ 2 √ π x ij r sin(k y y ij ) cos(k z z ij )ϕ 3/2 (|r ij | 2 ε),
D yz k (x ij ) = − πµ 2 a 2 g (k y + g y )(k z + g z ) |k + g| f (p, q) + 4 ε 5/2 µ 2 √ π r y ij z ij sin(k y y ij )sin(k z z ij )ϕ 3/2 (|r ij | 2 ε),
